Abstract. We present a systematic approach to the construction of soliton solutions for the 5-reduction of the C-type sub-hierarchy for the Kadomtsev-Petviashvili(CKP) hierarchies starting from the general τ -function τ (n+k) of the Kadomtsev-Petviashvili (KP) hierarchy. We obtain the one-soliton and two-soliton solutions for the bi-directional Kaup-Kupershmidt (bKK) equation, i.e. the 5-reduction of CKP hierarchy.
Introduction
The bi-directional Kaup-Kupershmidt (bKK) equation [1, 2] , z xxxxx + 15z x z xxx + 15z 
is introduced by an "exchange procedure" as the bi-directional analogue of the Kaup-Kupershmidt (KK) equation. More precisely, bKK is the 5-reduction of the C-type sub-hierarchy of the KadomtsevPetviashvili (CKP) hierarchy. Its Lax pair is [ 
Here u = u 2 comes from the Lax operator L of CKP [3, 4] 
and the conjugation operation "*" is defined by ∂ * = −∂, (A • B) * = B * • A * . An essential characteristic of the KP hierarchy is the existence of the τ -function and all dynamical variables {u i }, i = 2, 3, . . ., can be constructed from it [3, 4] ; e.g.,
log τ, . . .. Thus the construction of the τ -function is the central task in order to obtain the dynamical variables {u i } associated with the KP hierarchy.
Gauge transformations [5, 6] offer an efficient route towards this goal. In Ref. [7] two kinds of useful gauge transformations have been proposed, namely,
resulting in a very general and universal τ -function (see equation (3.17) of [7] and also IW k,n in [8] ).
The eigenfunction φ and the adjoint eigenfunction ψ of the KP hierarchy are defined by
where φ = φ(λ;t) and ψ = ψ(λ;t) andt = (t 1 , t 2 , · · · ).
There are two steps that arise when one wants to study the solutions of the (1 + 1)-dimensional soliton equations given by the n-reduction of the CKP hierarchies. The first is how it retain the restrictions, i.e. L * = −L for CKP, for the transformed Lax operators L (1) = T LT −1 . In other words, the problem is how to obtain the τ -functions τ (n+k) CKP from the general τ -function τ (n+k) = IW k,n τ (0) with the gauge transformation T n+k of the KP hierarchy. Here τ (0) is the initial value of the τ -function of the KP hierarchy. Also, the generating functions φ i , ψ i of the gauge transformation will be complexvalued and related to the n-th roots of e iε . The second issue therefore is how to choose generating
, namely such that it is real and positive on the full (x, t) plane. Here we shall outline how do to this for the 5-reduction, i.e. the bKK equation.
τ -function for CKP hierarchy
The starting point for the solution of the bKK equation is the τ -function of the KP hierarchy.
Lemma 2.1 ( [7,8]). The τ -function of the KP hierarchy generated by the gauge transformation T n+k is given as
where φ
are solutions of equation (6) Let us now discuss how to reduce τ (n+k) in (7) to the τ -function of the CKP hierarchy. The key problem is how to retain the restriction (L (n+k) ) * = −L (n+k) under the gauge transformation T n+k [8] . We note thatt = (t 1 , t 3 , t 5 , · · · ) in CKP hierarchy. Proposition 2.1 (see Refs. [9, 10] ).
(1) The appropriate gauge transformation T n+k is given by n = k and generating functions ψ
CKP of the CKP hierarchy has the form τ
If the initial values of the dynamical variables {u i } of the CKP hierarchy are zero, then τ (0) CKP = 1 and the equations in (6) of φ
3. soliton solutions of bKK equation
The 5-reduction of the CKP hierarchy yields the bKK equation equation (1) . Let the initial value be u = 0 in Eqs. (2) and (3), then φ
So Proposition 2.1 implies the τ -function of the bKK equation. 
1 ; φ
and the solution u of the bKK from initial value zero is
Here φ (0) i = φ(λ i ; x, t) are solutions of equation (10) .
In general, this τ -function τ
bKK for bKK is complex and related to the 5-th roots of e iε . We have to find the real and non-zero τ -function from it such that u in equation (12) is a real and smooth solution of bKK. This is the main task of this section. We start by analysing the solution φ(λ; x, t) of equation (10) 
Here
and j = 0, 1, 2, 3, 4. There are two important ingredients which we can use to find the desired solution. The first is that the 5-th roots ε j = exp ε+2πj 5 i of e iε are distributed uniformly on the unit circle in C. So for a suitable value of ε there exist combinations of p j 's which are symmetric upon reflection on the x-axes; similarly for the y-axes for other values of ε. The second ingredient is that τ bKK and exp (αx + βt) τ bKK will imply the same solution u since u = ∂ 2 x log τ bKK . Here, α and β are arbitrary complex constants. Therefore we can obtain the desired real and smooth solutions of the bKK if τ bKK can be expressed as τ bKK = e αx+βtτ bKK τ bKK . Here,τ bKK is a real and nonzero function although τ bKK is complex. We callτ bKK the physical τ -function for the bKK equation. Based on the above arguments, let us make the refined ansatz
or
and we next need to fix the ratio
. In order to do so, let us study a simple case which is generated by the gauge transformations T 1+1 . Proposition 3.2. Let ξ 1 = xk 1 cos ε 1 + tk 3 1 cos 3ε 1 ,
,and one soliton solution
cosh 2ξ [1, 2, 11] , in which the Hirota method and Bäcklund transformations have been used. Our method appears to be more generally applicable and transparent from the point of view of the KP hierarchy. Moreover, it can be applied to higher-order reductions of CKP and to the B-type sub-hierarchy of the KP hierarchy (BKP).
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